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Abstract
A general action for particles faster than light is presented. It is
demonstrated that this action is invariant under reparametrizations.
For several cases, it is shown that in the high velocity regime the
action is invariant under anisotropic space-time transformation and
at quantum level the system has fractal behavior. For those cases, it
is shown that the action describes a particle in Finsler geometry and
equivalent to one dimensional field theory in a curved space, where
the metric depends on temporal derivatives.
1 Introduction
Special relativity has been one of most important theories in physics. How-
ever, recently OPERA collaboration has reported particles faster than light
[1]. Some authors think that we have to wait another experiment to con-
firm that result while others think that such experiment might has mistakes
or that has not been well interpreted [2]. But, if that experiment is right,
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special relativity must be changed. There are several theories with breaking
Lorentz symmetry. For example, P. Horˇava has proposed a gravity theory
with breaking Lorentz symmetry, which is renormalizable [3]. In High En-
ergy Physics there are some extensions of the standard model that consider
Lorentz symmetry violation [4, 5]. Also, it is worth to mention that MOND
theory is an alternative propose to dark matter [6, 7] and breaks Lorentz
symmetry too [8]. Many of these theories have important properties, for ex-
ample, Horˇava’ s gravity has an alternative mechanism to inflation [9] and
can explain some cosmological phenomena without dark matter [10]. Doubly
Special Relativity (DSR) is another interesting theory with breaking Lorentz
symmetry [11, 12, 13]. Other works with breaking Lorentz symmetry can be
seen in [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32].
According to special relativity, the action for a particle with mass m and
velocity u is
S = −m
∫
dt
√
1− u2, (1)
where t is the time. In this paper we take light velocity c = 1.
If u is near from 1, we can take u = 1 + δ, where |δ| << 1. In this
case we find
√
1− u2 ≈ √−2δ. We can see that if δ > 0, the particle is
faster than light and the action S is nonsense, for example OPERA reported
δ =
(
2.37± 0.32(stat.)+0.34
−0.24(sys.)
)
× 10−5. However, if there are particles
faster than light, this action must be only an approximation of another one
that makes sense if u > 1. In that case we have to change
√
1− u2 (2)
for another term. Notice that in this case, Lorentz transformation is only a
limit of another symmetry.
In this work we present a general action for particles faster than light and
demonstrate that it is invariant under reparametrizations. First we propose
a simple model and show that in high velocity regime its action is invariant
under anisotropic space-time transformation and at quantum level the sys-
tem has fractal behavior. Then, it is possible that in the high energy regimen
a particle has that kind of behavior. Interestingly, Horˇava gravity has fractal
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properties [33] and other authors argued that at Plank scale the space-time
has fractal properties as well [34, 35, 36]. Also, we show that these kind
of actions are equivalent to one dimensional field theory in a curved space,
where the metric depends on temporal derivatives. Moreover we show that
there is a relation between those actions and Finsler geometry. It is worth
mentioning that recently Finsler geometry was proposed as an generalized
Minkowski geometry [37, 38, 39].
This work is organized in the following way: In section 2 the general
action is presented; in section 3 a simple model is studied; in section 4 the
relation between our model and Finsler geometry is analyzed and finally in
section 5 a brief summary is given.
2 Action
In this section we propose a new action that describes particles faster than
light and reduces to the usual relativistic one.
The action for a relativistic particle is
S = −m
∫
dτ
√√√√( dt
dτ
)2
−
(
d~x
dτ
)2
, t˙ =
dt
dτ
, (3)
which is invariant under repametrizations in τ :
τ → τ = τ(ω). (4)
Notice that if τ = t we obtain (1).
Let f be a function that if u ≤ 1, then f(u2) ≈ √1− u2. But if u > 1, it
makes sense. Thus, the action
S = −m
∫
dτL, L =
dt
dτ
f(u2), u2 =
(
d~x
dτ
1
dt
dτ
)2
(5)
is a generalization of (3). We can see that (5) is also invariant under reparametriza-
tions in τ. Now, using (5) we find
E = −Pt = −∂L
∂t˙
= m
(
f(u2)− 2u2df(u
2)
du2
)
, (6)
3
Pi =
∂L
∂x˙i
= −2mdf(u
2)
du2
x˙i
t˙
, P = 2mu
∣∣∣∣∣df(u
2)
du2
∣∣∣∣∣ , (7)
then
H = Ptt˙ + ~P · d~x
dτ
− L = 0, (8)
and
E
P
=

 f(u2)
2u
∣∣∣df(u2)
du2
∣∣∣ −

 df(u2)du2∣∣∣df(u2)
du2
∣∣∣

 u

 . (9)
When this equation is invertible, we can express u as a function of E and P,
namely u = u(E, P ). Then, using (6) and (7) we have a constraint
φ(E, P ) = 0. (10)
Therefore, using the Dirac’s method [41], the extended Hamiltonian is given
by
Hext = λφ(E, P ), (11)
where λ is a Lagrange multiplier. Then, the Hamiltonian action is
SH =
∫
dτ
(
Ptt˙ + Pix˙i − λφ (Pt, Pi)
)
. (12)
2.1 Alternative actions
The action (5) has at least three alternative actions. First, we consider
SI = −1
2
∫
dτ t˙
[
(f(u2))
2
λ
+ λm2
]
. (13)
The equation of motion for λ implies
λ =
f(u2)
m
, (14)
substituting this result in (13) we obtain (5). We can see that, unlike (13),
in this action the case m = 0 makes sense.
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Another alternative action is
SII = −m
∫
dτ t˙
[
f(λ) +
(
u2 − λ
) df(λ)
dλ
]
. (15)
For this, the equation of motion for λ gives
λ = u2, (16)
substituting this result in (15) we obtain (5).
Now, let us consider
SIII = −1
2
∫
dτ t˙

(f(β))
2 + (u2 − β)d(f(β))2
dβ
λ
+ λm2

 . (17)
Using the equations of motion for λ and β, we get (5).
3 Anisotropic cases
A simple model which describes particles faster than light is
S = −m
∫
dτ
dt
dτ
√
1− u2 + αu2n. (18)
Notice that, when u >> 1, we obtain
S ≈ −m√α
∫
dτ
(x˙2)
n
2
t˙n−1
. (19)
This action is invariant under anisotropic transformations
t → bzt, ~x → b~x, z = n
n− 1 . (20)
Therefore, we get
Pt = m
√
α(n− 1)(x˙
2)
n
2
t˙n
, (21)
Pi = −m
√
α
(x˙)n−2
t˙n−1
x˙i (22)
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and the dispersion relation
E2 =
(n− 1)2
(m2α)
1
n−1
(
P 2
) n
n−1
. (23)
Then, in the quantum theory the wave equation is given by
− ∂
2ψ
∂t2
=
(n− 1)2
(m2α)
1
n−1
(
−∇2
) n
n−1
ψ, h¯ = 1. (24)
It is a fractional wave equation [42]. Fractional-like wave equations describe
systems with fractal properties [43, 44]. Then, it is possible that in the high
energy regimen a particle has fractal properties. It is worth to mention that
Horˇava gravity has similar properties [33] and other authors argued that at
Plank scale the space-time has fractal properties as well [34, 35].
4 Relation with Finsler geometry
Recently Finsler geometry was proposed as an alternative to the Minkowski
one in the regime close to the Plank scale [37, 38, 39, 40]. This geometry
has been proposed as brackground for some theories, like MOND [45], very
special relativity [46] and DSR [47]. In this geometry the action is
S =
∫
dτF (xµ, x˙µ), (25)
where F (xµ, x˙µ) is a homogeneous function of one degree of x˙µ. For example,
if γµν(x
µ, x˙µ) is a homogeneous function of zero degree of x˙µ, then
S =
∫
dτ
√
γµν(x, x˙)x˙µx˙ν (26)
is Finsler-like action.
In this section we show a relation between action (18) and the Finsler one
(26). Let us notice that the action (18) can be written as
S = −m
∫
dτ
√
gµν x˙µx˙ν (27)
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where
gµν = ηµν + Zµν , Zµν =

 0 · · ·... α ( x˙2
t˙2
)n−1
δij

 . (28)
This metric depends on velocity and if x˙µ → Ωx˙µ, then gµν → gµν . Therefore
(18) is a Finsler-like action.
In general, if h(u2) is a regular function, the action
S = −m
∫
dτ t˙
√
1− u2 + h(u2) (29)
can be expressed like
S = −m
∫
dτ
√
gµν x˙µx˙ν (30)
with
gµν = ηµν + Zµν , Zµν =

 0 · · ·... h(u2)
u2
δij

 . (31)
Also, this is Finsler-like action. Notice that, for several cases, the general
action (5) is Finsler-like action too. Then it is possible that for particles
faster than light Finsler geometry replaces the Minkowski geometry.
Additionally, the action (30) can be written as
S =
∫
dτ
√
G (Gττgµν∂τx
µ∂τx
ν + Λ) , Gττ = λ
2, Λ = m2 (32)
This action can be interpreted as a 1-dimensional field in a curve space with
metric Gττ , cosmological constant Λ and background gµν .
5 Summary
In this work we presented a general action for particles faster than light.
We demonstrated that this action is invariant under reparametrizations. For
several cases, it was shown that in the high velocity regime the action is
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invariant under anisotropic space-time transformation and at quantum level
the system has fractal behavior. It is worth to mention that other authors
have proposed theories, like Horˇava gravity, with fractal properties. More-
over, for the same cases, it was shown that the action describes a particle in
Finsler geometry and equivalent to one dimensional field theory in a curved
space, where the metric depends on temporal derivatives.
Then, if there are particles faster than light, we would ample ground for
further research in spacetime-symmetry physics. However, we have to wait
more experiments to find new physics, in particular to know the action for a
free particle.
References
[1] OPERA Collaboration, Measurement of the neutrino velocity with the
OPERA detector in the CNGS beam, arXiv:1109.4897 [hep-ex].
[2] A. G. Cohen, S. L. Glashow, Pair Creation Constrains Superluminal
Neutrino Propagation, Phys. Rev. Lett. 107 (2011) 181803.
[3] P. Horava, Quantum Gravity at a Lifshitz Point, Phys. Rev. D 79 (2009)
084008.
[4] D. Colladay, V. A. Kostelecky, Lorentz violating extension of the stan-
dard model, Phys. Rev. D 58 (1998) 116002.
[5] D. Anselmi, Weighted power counting, neutrino masses and Lorentz vio-
lating extensions of the Standard Model, Phys. Rev. D 79 (2009) 025017.
[6] M. Milgrom, A Modification of the Newtonian dynamics as a possible
alternative to the hidden mass hypothesis, Astrophys. J. 270 (1983) 365-
370.
[7] J. D. Bekenstein, Relativistic gravitation theory for the MOND
paradigm, Phys. Rev. D 70 (2004) 083509.
[8] R.H. Sanders, Hiding Lorentz Invariance Violation with MOND, Phys.
Rev. D 84 (2011) 084024.
8
[9] R. Brandenberger, Matter Bounce in Horava-Lifshitz Cosmology Phys.
Rev. D 80 (2009) 043516.
[10] S. Mukohyama, Dark matter as integration constant in Horava-Lifshitz
gravity, Phys. Rev. D 80 (2009) 064005.
[11] G. Amelino-Camelia, L. Freidel, J. Kowalski-Glikman, L. Smolin,
OPERA neutrinos and relativity, arXiv:1110.0521 [hep-ph].
[12] G. Amelino-Camelia, Doubly-Special Relativity: Facts, Myths and Some
Key Open Issues, Symmetry 2 (2010) 230.
[13] G. Amelino-Camelia, Relativity in space-times with short-distance struc-
ture governed by an observer-independent (Planckian) length scale, Int.
J. Mod. Phys. D 11 (2002) 35.
[14] V. A. Kostelecky, R. Lehnert, Stability, causality, and Lorentz and CPT
violation, Phys. Rev. D 63 (2001) 065008.
[15] V. Alan Kostelecky, R. Lehnert, Spacetime - varying couplings and
Lorentz violation, Phys. Rev. D 68 (2003) 123511.
[16] R. Lehnert, Threshold analyses and Lorentz violation, Phys. Rev. D 68
(2003) 085003.
[17] V. A Kostelecky, N. Russell, Classical kinematics for Lorentz violation,
Phys. Lett. B 693 (2010) 443-447.
[18] J. M. Romero, O. Sanchez-Santos, J. D. Vergara, Lorentz violation, Two
times physics and Strings, Phys. Lett. A 375 (2011) 3817-3820.
[19] G. Cacciapaglia, A. Deandrea, L. Panizzi, Superluminal neutrinos in
long baseline experiments and SN1987a, JHEP 1111 (2011) 137.
[20] X-J. Bi, P-F. Yin, Z-H Yu, Q. Yuan, Constraints and tests of the
OPERA superluminal neutrinos, Phys. Rev. Lett. 107 (2011) 241802.
[21] S. S. Gubser, Superluminal neutrinos and extra dimensions: Constraints
from the null energy condition, Phys. Lett. B 705 (2011) 279-281.
[22] S. Nojiri, S. D. Odintsov Could the dynamical Lorentz symmetry breaking
induce the superluminal neutrinos? Eur. Phys. J. C 71 (2011) 1801.
9
[23] V. Baccetti, K. Tate, M. Visser, Inertial frames without the relativity
principle, e-Print: arXiv:1112.1466 [gr-qc].
[24] G. Amelino-Camelia, G. Gubitosi, N. Loret, F. Mercati, G. Rosati, P.
Lipari OPERA-reassessing data on the energy dependence of the speed
of neutrinos, e-Print: arXiv:1109.5172 [hep-ph].
[25] G. F. Giudice, S. Sibiryakov, A. Strumia, Interpreting OPERA results
on superluminal neutrino, e-Print: arXiv:1109.5682 [hep-ph].
[26] X.-J Bi, P-F. Yin, Z-H Yu, Q. Yuan, Constraints and tests of the
OPERA superluminal neutrinos, Phys. Rev. Lett. 107 (2011) 241802.
[27] G. Dvali, A. Vikman Price for Environmental Neutrino-Superluminality,
e-Print: arXiv:1109.5685 [hep-ph].
[28] J. Alexandre, J. Ellis, N. E. Mavromatos, On the Possibility of Superlu-
minal Neutrino Propagation, e-Print: arXiv:1109.6296 [hep-ph].
[29] F. R. Klinkhamer Superluminal muon-neutrino velocity from a Fermi-
point-splitting model of Lorentz violation, e-Print: arXiv:1109.5671 [hep-
ph].
[30] Z. Chang, X. Li, S. Wang OPERA superluminal neutrinos and Kine-
matics in Finsler spacetime, e-Print: arXiv:1110.6673 [hep-ph].
[31] Z. Chang, X. Li, S. Wang Symmetry, causal structure and superluminal-
ity in Finsler spacetime, arXiv:1201.1368v1 [physics.gen-ph].
[32] E. N. Saridakis, Superluminal neutrinos in Horava-Lifshitz gravity, e-
Print: arXiv:1110.0697 [gr-qc].
[33] P. Horava, Spectral Dimension of the Universe in Quantum Gravity at
a Lifshitz Point, Phys. Rev. Lett. 102, 161301 (2009).
[34] G. Calcagni, Quantum field theory, gravity and cosmology in a fractal
universe, JHEP 1003 (2010) 120.
[35] G. Calcagni, Fractal universe and quantum gravity, Phys. Rev. Lett.
104 (2010) 251301.
10
[36] D. Benedetti, Fractal properties of quantum spacetime, Phys. Rev. Lett.
102 (2009) 111303.
[37] F. Girelli, S. Liberati, L. Sindoni, Planck-scale modified dispersion rela-
tions and Finsler geometry, Phys. Rev. D 75 (2007) 064015.
[38] G. W. Gibbons, J. Gomis, C. N. Pope, General very special relativity is
Finsler geometry, Phys. Rev. D 76 (2007) 081701.
[39] L. Sindoni, The Higgs mechanism in Finsler spacetimes, Phys. Rev. D
77 (2008) 124009.
[40] C. Pfeifer, M. N. R. Wohlfarth, Beyond the speed of light on Finsler
spacetimes, e-Print: arXiv:1109.6005 [gr-qc].
[41] P. A. M. Dirac, Lectures on Quantum Mechanics, Dover, New York
(2001).
[42] N. Laskin, Fractional quantum mechanics, Phys. Rev. E 62 31353145
(2000).
[43] N. Laskin, Fractional Schro¨dinger equation, Phys. Rev. E 66 056108
(2002).
[44] N. Laskin, Fractional quantum mechanics and Le´vy path integrals, Phys.
Lett. A 268 (2000) 298-305.
[45] Z. Chang, X. Li, Modified Newton’s gravity in Finsler Space as a possible
alternative to dark matter hypothesis, Phys.Lett. B 668 (2008) 453.
[46] A.P. Kouretsis, M. Stathakopoulos, P.C. Stavrinos, The General Very
Special Relativity in Finsler Cosmology, Phys. Rev. D 79 (2009) 104011.
[47] S. Mignemi, Doubly special relativity and Finsler geometry, Phys. Rev.
D 76 (2007) 047702.
11
